A flat pseudo-Euclidean Lie algebra is a real Lie algebra with a non degenerate symmetric bilinear form and a left symmetric product whose the commutator is the Lie bracket and such that the left multiplications are skew-symmetric. We show that the center of a flat pseudo-Euclidean nilpotent Lie algebra of signature (2, n − 2) must be degenerate and all flat pseudo-Euclidean nilpotent Lie algebras of signature (2, n − 2) can be obtained by using the double extension process from flat Lorentzian nilpotent Lie algebras. We show also that the center of a flat pseudoEuclidean 2-step nilpotent Lie algebra is degenerate and all these Lie algebras are obtained by using a sequence of double extension from an abelian Lie algebra. In particular, we determine all flat pseudo-Euclidean 2-step nilpotent Lie algebras of signature (2, n − 2). The paper contains also some examples in low dimension.
Introduction
A flat pseudo-Euclidean Lie algebra is a real Lie algebra with a non degenerate symmetric bilinear form and a left symmetric product whose the commutator is the Lie bracket and such that the left multiplications are skew-symmetric. In geometrical terms, a flat pseudo-Euclidean Lie algebra is the Lie algebra of a Lie group with a left-invariant pseudo-Riemannian metric with vanishing curvature. Let (g, , ) be a flat pseudo-Euclidean Lie algebra of dimension n. If the metric , is definite positive (resp. of signature (1, n − 1)), then (g, , ) is called Euclidean (resp. Lorentzian). Flat pseudo-Euclidean Lie algebras have been studied mostly in the Euclidean and the Lorentzian cases. Let us enumerate some important results on flat pseudo-Euclidean Lie algebras:
1. In [8] , Milnor showed that (g, , ) is a flat Euclidean Lie algebra if and only if g splits orthogonally as g = b ⊕ u, where u is an abelian ideal, b is an abelian subalgebra, and ad b is skew-symmetric for any b ∈ b. According to this theorem, a nilpotent (non-abelian) Lie algebra can not admit a flat Euclidean metric.
Lemma 2.2. Let g be a nilpotent Lie algebra, a and h, respectively, a Lie subalgebra of codimension one and an ideal of codimension two. Then [g, g] is contained in a and in h.
Proof. We have g/h is a 2-dimensional nilpotent Lie algebra and hence must be abelian. This implies that [g, g] ⊂ h. On the other hand, write g = a ⊕ Ry. For any x ∈ a, we have [x, y] = a(x)y + u 1 , where u 1 ∈ a.
Since a is a Lie subalgebra then, for any n ∈ N * , ad n x (y) = a(x) n y + u n with u n ∈ a. Since ad x is nilpotent then a(x) = 0 and the result follows.
We pursue with some general properties of flat pseudo-Euclidean Lie algebras. A pseudoEuclidean Lie algebra (g, , ) is a finite dimensional real Lie algebra g endowed with a non degenerate symmetric bilinear form , . We define a product (u, v) → u.v on g called LeviCivita product by Koszul's formula for any u, v, w ∈ g. We denote by L u : g −→ g and R u : g −→ g, respectively, the left multiplication and the right multiplication by u given by L u v = u.v and R u v = v.u. For any u ∈ g, L u is skew-symmetric with respect to , and ad u = L u − R u , where ad u : g −→ g is given by
We call (g, , ) flat pseudo-Euclidean Lie algebra if the Levi-Civita product is left symmetric, i.e., for any u, v, w ∈ g, Let (g, , ) be a flat pseudo-Euclidean Lie algebra. The condition (2.2) is also equivalent to one of the following relations:
for any u, v ∈ g. We denote by Z(g) = {u ∈ g, ad u = 0} the center of g. For any u, v ∈ Z(g) and a, b ∈ g, one can deduce easily from (2.1)-(2.4) that
Proof. One can see easily that the orthogonal of the derived ideal of g is given by Proof.
1. According to (2.5), for any u ∈ Z(g), L u is a nilpotent skew-symmetric endomorphism and hence must vanishes. This gives the result, by virtue of Proposition 2.1. 2. This is a consequence of (2.5), Lemma 2.1 and Proposition 2.1.
These vector spaces and the following lemma which states their main properties will play a central role in this paper, namely, in the proof of Theorem 3.1.
be a flat pseudo-Euclidean nilpotent Lie algebra of signature (2, n −2), n ≥ 4. Then:
1. N(g), g 0 and h 0 are left ideals for the Levi-Civita product, h 0 ⊂ g 0 , and h 0 is totally isotropic
where
Proof.
This implies that h 0 is totally isotropic and since the signature is (2, n − 2) one must have dim h 0 ≤ 2. One can deduce easily from the third relation in (2.5) 
We have that g 0 is a left ideal for the Levi-Civita product and for any a ∈ g 0 , b ∈ g and
From this relation, we can deduce that Z(g) ∩ [g, g] = Rz and (2.7) follows immediately. The purpose of this section is to prove the following theorem. Proof. We proceed by contradiction and we suppose that
We have both h 0 and g 0 are left ideals for the Levi-Civita product, h 0 ⊂ g 0 and h 0 is totally isotropic of dimension 2. Moreover, if z 0 is a unit generator of
This relation shows that L z 0 0 and since L 
For any u ∈ Z(g)
⊥ , we have from (3.2) and the fact that z ∈ C(g),
This relation is also true for u ∈ Z(g) since z 0 .u = 0 and hence
This relation implies that R z.z 0 is symmetric and
where a 1 ∈ g * and α ∈ R. We will show now that R z.z 0 = 0.
Put e 1 = z 0 .z. Since the orthogonal of z in Z(g) ⊥ is different from the orthogonal of e 1 in Z(g) ⊥ , we can choosez ∈ Z(g) ⊥ such that z,z = 0 and e 1 ,z = 1. We put e 2 = −z 0 .z. We have e 2 , z = 1, Z(g) ⊥ = g 0 ⊕ span{z,z} and (e 1 , e 2 ) is a basis of h 0 . Now h 0 is a 2-dimensional subalgebra of a nilpotent Lie algebra then it must be abelian and since h 0 ⊂ ker R e 1 we deduce that e 1 .e 1 = e 1 .e 2 = e 2 .e 1 = 0. Moreover, h 0 is a left ideal and we can write, for any u ∈ g, u.e 1 = a 1 (u)e 1 and u.e 2 = a 2 (u)e 1 + b 2 (u)e 2 .
From the relation u.
Thus b 2 = −a 1 . Using the fact that the curvature vanishes, we get
Thus
By taking u = z and v =z in this relation and since a 2 (z 0 ) = 0, a 1 (z) = 0 and, by virtue of (3.1),
This relation and a 2 (z)a 1 (z) = 0 imply that R e 1 (z) = 0. But g 0 ⊕ Rz ⊕ Z(g) ⊂ ker R e 1 so finally R e 1 = 0. To complete, we will show that e 1 ∈ Z(g), i.e, L e 1 = ad e 1 = 0 and we will get a contradiction. Note first that L e 1 is nilpotent, L e 1 (h 0 ) = 0 and L e 1 (g 0 ) ⊂ g 0 . So L e 1 induces on the Euclidean vector space g 0 /h 0 a skew-symmetric nilpotent endomorphism which must then vanish. So L e 1 (g 0 ) ⊂ h 0 . On the other hand, by virtue of (3.1),
But ad x is nilpotent so a(x) = 0 and we deduce that L e 1 (g 0 ) = 0. So far, we have shown that = 0 and we can conclude by using Lemma 2.1.
Flat pseudo-Euclidean nilpotent
Lie algebras of signature (2, n − 2) are obtained by the double extension process
In this section, based on Theorem 3.1, we will show that any flat pseudo-Euclidean nilpotent Lie algebra of signature (2, n − 2) can be obtained by the double extension process from a Lorentzian or an Euclidean flat nilpotent Lie algebra. To do so we need first to recall the double extension process introduced by Aubert and Medina [2] . Note that Propositions 3.1 and 3.2 in the paper [2] are essential in this process. 
2. D − ξ is skew-symmetric with respect to , 0 ,
We call (ξ, D, µ, b 0 ) satisfying the two conditions above admissible. Given (ξ, D, µ, b 0 ) admissible, we endow the vector space g = Re ⊕ B ⊕ Rē with the inner product , which extends , 0 , for which span{e,ē} and B are orthogonal, e, e = ē,ē = 0 and e,ē = 1. We define also on g the bracket 
Proof. Recall that [g, g]
⊥ = {u ∈ g, R u = R * u }, put a = Z(g) + Z(g) ⊥ and consider N(g) = {v ∈ g/ L u v = 0, ∀u ∈ Z(g)} and h 0 its orthogonal. We have seen in Lemma 2.3 that both N(g) and h 0 are left ideals and h 0 is totally isotropic. We have seen that if dim h 0 ≤ 1 then N(g) = g and hence any vector e ∈ Z(g) ∩ Z(g) ⊥ satisfies the conditions required. Suppose that dim h 0 = 2. We claim that Z(g) ∩ Z(g) ⊥ ⊂ h 0 . This is a consequence of the fact that Z(g) ∩ Z(g) ⊥ ⊂ Z(g) ⊂ N(g) and the fact that N(g)/h 0 is Euclidean. We distinguish two cases:
Z(g) ∩ Z(g)
⊥ = h 0 and hence a = N(g). We have that g.N(g) ⊂ N(g) and for any u ∈ N(g), w ∈ g and v ∈ h 0 , v.u = u.v = 0 and hence u.w, v = 0. This implies that N(g) is an ideal for the Lie bracket and, according to Lemma 
⊥ and hence for any e ∈ Z(g) ∩ Z(g) ⊥ , L e is both skew-symmetric and symmetric and hence L e = R e = 0.
and a = g 0 + Ry. We have g.g 0 ⊂ a and for any u ∈ g 0 , w ∈ g and v ∈ Z(g)
⊥ , y.y, v = 0 and then y.y ∈ a. In particular, a.a ⊂ a and hence a is a subalgebra. According to Lemma 2.2,
This implies that for any e ∈ Z(g) ∩ Z(g) ⊥ , L e = R e = 0 and a is a two-sided ideal. 
Proof. Let e be a non-null vector in Z(g) ∩ Z(g)
⊥ and put I = Re. According to Theorem 4.1, I is a totally isotropic two-sided ideal with respect to the Levi-Civita product. Moreover, I
⊥ is also a two sided ideal. Then, according to [2] , (g, , ) is a double extension of flat Lorentzian Lie algebra (B, , B ) . From (4.4) and the fact that g is nilpotent we deduce that D is a nilpotent endomorphism, and B is a nilpotent Lie algebra.
Remark 2. According to [2] 
It is easy to show that g is isomorphic to one of the following Lie algebras:
• R 4 : The 4-dimensional abelian Lie algebra (if α = β = γ = δ = 0).
• H 3 ⊕ R: The extension trivial of H 3 (if α = 0 and (β, γ) (0, 0) or α 0 and β = δ = 0).
• The 4-dimensional filiform Lie algebra: [ē, e 1 ] = e, [ē, e 2 ] = e 1 (If α 0 and (β, δ) (0, 0)).
Flat pseudo-Euclidean 2-step nilpotent Lie algebras
A 2-step nilpotent Lie algebra is a non-abelian Lie algebra g which satisfies [g, g] ⊂ Z(g). Let (g, , ) be a flat pseudo-Euclidean 2-step nilpotent Lie algebra. In [7] , the author showed that if the metric , is Lorentzian, then g is an extension trivial of H 3 , where H 3 is a 3-dimensional Heisenberg Lie algebra. Let us studies some properties of (g, , ) in other signatures.
We consider N(g) = u∈Z(g) ker L u , and
be a flat pseudo-Euclidean 2-step nilpotent Lie algebra. Then
• If g = N(g) then according to (5.1), [g, g] = 0 which is impossible.
•
⊥ , then according to (2.6), L e = R e is both symmetric and skew-symmetric and hence must vanish. 3. According to (2.1), we have for any x, y ∈ Z(g) 
Proof. Let e be a non-null vector in
Since L e = R e = 0, then I = Re is a totally isotropic two sided ideal, and I ⊥ is also a two sided ideal. Thus, (g, , ) is a double extension of a pseudo-Euclidean Lie algebra (B 1 , , 1 ). According to (4.4), B 1 is either abelian or 2-step nilpotent. If B 1 is 2-step nilpotent, then it's also a double extension of (B 2 , , 2 ). Since a 2-step nilpotent Lie algebra can not admit a flat Euclidean metric, then there exists k ∈ N * such that B k is abelian. 
Proof. Let {e 1 , . . . , e p } be a basis of Z(g) ∩ Z(g) ⊥ , then we can whrite Z(g) = Z 1 ⊕ span{e 1 , . . . , e p } where (Z 1 , , / Z 1 ×Z 1 ) is euclidean. In Z ⊥ 1 we can choose a totaly isotropic subspace span{ē 1 , . . . ,ē p } such that, e i ,ē j = 0 for i j, and e i ,ē i = 1. Let B 1 be the orthogonal of Z 1 ⊕span{e 1 , . . . , e p }⊕ span{ē 1 , . . . ,ē p }. Thus we get a decomposition 
Finally, we get 
which implies that B 1 is abelian. On the other hand, we have for any z ∈ Z(g),
where α i ∈ R * for any i ∈ {1, . . . , r}. In fact, if α i = 0 then b i ∈ Z(g), which contradicts the fact that Z(g) ∩ B 1 = {0}. Suppose that dim B 1 > 1. For any i ∈ {2, . . . , r}, we put b
Then dim B 1 = 1 and the only non vanishing brackets in g is [ē, b 1 ] = α 1 e, thus g is an extension trivial of H 3 .
6. Flat pseudo-Euclidean 2-step nilpotent Lie algebras of signature (2, n − 2)
Let us start by an example which play an important role in this section. Let L 4 6 be a 6-dimenional Lie algebra defined by the non vanishing Lie brackets, giving in the basis {x 1 , . . . ,
This Lie algebra appear in the classification of 2-step nilpotent admits a flat pseudo-Euclidean metrics of signature (2, n − 2). In fact, let , 0 be a pseudoEuclidean metric of signature (2, 4) defined in the basis {x 1 , . . . , x 6 } by the matrix 
where a, c ∈ R, b ∈ R * and d > 0. A straightforward calculations using (2.1) shows that, the only non vanishing Levi-Civita products are
Lie algebra Nonzero commutators
The result is evident for L 3 ⊕ 3L 1 there exists a basis B such that the metric given in B by , is flat.
• For L • For L • For L 
